In this paper, we show that the Skorokhod metric convergence can imply the endograph metric convergence on the set of normal and upper semicontinuous fuzzy sets on a metric space. The converse, however, is not true.
Basic notions
Let (X, d) be a metric space, and let F (X) denote all fuzzy sets on X. A fuzzy set u ∈ F (X) can be seen as a function u : X → [0, 1].
For u ∈ F (X), let [u] α denote the α-cut of u, i.e.
[u] α = {x ∈ X : u(x) ≥ α}, α ∈ (0, 1], supp u = {u > 0}, α = 0. For u ∈ F 1 usc (X), we use the symbol P 0 (u) to denote the set {α ∈ (0, 1) :
The endograph metric H end , the supremum metric d ∞ and the Skorokhod metric d 0 can be defined on F 1 usc (X) as usual. The readers can see [1] [2] [3] [4] [5] [6] [7] for related contents.
For
where H is the Hausdorff metric, T is the class of strictly increasing, continuous mapping of [0, 1] 
Main results
Proof. Note that t(0) = 0 and t(1) = 1 for each t ∈ T . So
for all u, v ∈ F 1 usc (X) and therefore (i) and (ii) are true. To prove (iii). Given ε > 0. Since d 0 (u n , u) → 0, then there exists N, for each n ≥ N, there is a t n ∈ T such that d ∞ (t n u n , u) < ε/2 and D(t n ) < ε/2. Thus
From the arbitrariness of ε > 0,
So (iii) is true. To prove (iv), suppose that α ∈ (0, 1)\P 0 (u). Given ε > 0. There exists a δ > 0 such that
for all β ∈ (α − δ, α + δ). From d 0 (u n , u) → 0, we know that there is an N such that d 0 (u n , u) < ζ = min{δ, ε/2} for all n ≥ N. This means that for each n ≥ N, there is a t n such that
By (1) and (2), for all n ≥ N, 
and
, so for all n = 1, 2, . . ., d 0 (u n , u) ≥ 1.
In fact it can be checked that d 0 (u n , u) ≡ 1.
On the other hand, since
Thus by Theorem 6.4 in [2] , H end (u n , u) → 0. So {u n } and u satisfy statements (i)-(iv) in Theorem 2.1. But d 0 (u n , u) → 0.
